We illuminate the superconducting phases in [001]-grown-noncentrosymmetric quantum wells with an anisotropic spin-orbit coupling in the presence of on-site Hubbard interaction. Within the random phase approximation, we investigate the spin-fluctuation-mediated pairing in the presence of Rashba/Dresselhaus antisymmetric spin-orbit couplings. Although the existence of spatial inversion symmetry desires a dominant d-wave pairing for all filling levels, a broken inversion symmetry generates antisymmetric spin-orbit coupling and mixes the even-and odd-parity in the superconducting gap. We study the symmetry of the mixed-parity gap for various strengths of Hubbard interaction. Besides, we consider a superconductor-ferromagnet junction to survey the modifications of superconducting order parameters, and observe an admixture of even-and odd-frequencies due to the ferromagnet exchange field.
I. INTRODUCTION
The superconducting phase of interacting electrons has attracted high attention by discovery of unconventional superconductors, which after more than three decades, still the origin and nature of the pairing symmetry are unclear [1] [2] [3] [4] . In most cases, the magnetism and superconductivity are coexisting/competing via strong magnetic fluctuations [5] [6] [7] , and the electron-phonon mechanism is not gluing the Cooper pairs [8, 9] . This interplay of magnetic fluctuations and superconductivity proposes a formation of Cooper pairs with higher angular momentum like p-wave pairing in 3 He or d-wave in high-temperature superconductors [10, 11] .
Understanding of the superconductivity has undergone a significant progress by studying the instabilities driven by repulsive electron-electron interactions, especially in the weak coupling limit [12] [13] [14] . Whereas this shortranged repulsive interaction may achieve an anisotropic pairings near the antiferromagnetic/spin-density-wave instability [15, 16] . A powerful tool to investigate them is the symmetry analysis, which remains reliable even in the ambiguity of the pairing mechanism. Particularly, the discrete symmetries, such as time-reversal symmetry (TRS) or inversion symmetry (IS) play important roles [17] [18] [19] [20] and would affect the properties of superconducting gap function [7, [21] [22] [23] [24] [25] . In that matter, if at least one of these symmetries is broken, Cooper pairs, which have an antisymmetric wave functions under the interchange of all quantum numbers, acquire exotic forms. As an example, in ferromagnetic superconductors with broken TRS, the electrons are most likely paired in the same spin directions [6] . Thus lack of TRS may cause to sign changing of the Cooper pair's wave function under * mehdi.biderang@apctp.org † alireza@apctp.org time-exchange. This unequal time pairing yields oddfrequency superconducting couples for describing superfluidity [26] , as well as, superconductivity [27] . Moreover, there are many proposals for the possibility of superconductor-ferromagnet (FM) junctions to realize induced odd-frequency pairing, or the admixture of evenand odd-frequency Cooper pairings [20, 28, 29] . Recently, topological superconductivity in heterostructures with strong spin-orbit coupling (SOC) have found a wide range of promising applications [30] [31] [32] . In noncentrosymmetric superconductors (NCSs) with violated parity, the lack of IS leads to mixing of even-and oddparity pairings [33] [34] [35] [36] . Absence of inversion center in these materials induces an antisymmetric SOC, which has interesting consequences on the electronic structure of the system [7, 37, 38] . Considering the origin, there are two types of antisymmetric SOCs in noncentrosymmetric systems, which are derived from a bulk (Dresselhaus) [39] or a structure (Rashba) [40] inversion asymmetry. The effects of the Rashba/Dresselhaus SOCs have been reviewd in a variety of systems like ultracold fermions [41] [42] [43] [44] [45] , quantum wells [46, 47] , two-dimensional (2D) NSC systems [48] , Weyl semimetals [49] , transition metal dichalcogenides [50] , and half-Heusler compounds [51] .
More exciting, the cooperative Rashba and Dresselhaus [52, 53] can come up with a possibility of topological superconductivity and topological edge states [24, 54] . An exotic platform for the recognition, is in ultracold superfluid Fermi gases, where a synthetic mixture antisymmetric SOCs may be created and tuned by the inversion symmetry breaking caused by an applied laser field [55] . Another possible case may realize by applying an external bias voltage or using the monolayer in heterostructures may lead to an induced Rashba-type along with the Dresselhaus, in transition metal dichalcogenides [50] . Lifting of spin degeneracy consideres these ultrathin materials as potential candidates to realize topological superconductivity, and to effectively host spinless fermions as a result of the broken inversion symmetry [56] . Another promising examples are half-Heusler compounds, where the zinc-blend structure induces an antisymmetric Dresselhaus. Their superconducting order parameter has an even-odd parity mixing, and they can fabricate a peculiar spin texture of topological surface states [32, 57, 58] .
In this paper, we consider the on-site Hubbard model into a 2D metallic noncentrosymmetric square lattice with coincidence of Rashba or/and Dresselhaus without any charge or magnetic order. Notably, we aim to inspect the role of antisymmetric SOCs and electron filling on the symmetry of superconducting gap function at different values of correlation. We survey the spinfluctuation-mediated pairing interaction within random phase approximation (RPA) to form mixed singlet-triplet superconductivity. Moreover, we examine the effect of an NCS-FM heterostructure on the symmetry of Cooper pairs and verify the emergence of mixed even-and oddfrequency superconductivity in the NCS due to the induced broken of TRS.
II. THEORETICAL MODEL HAMILTONIAN
We consider a 2D single band noncentrosymmetric system on the square lattice in the presence of on-site Hubbard interaction. The Hamiltonian is given by
where c † ks (c ks ) creates (annihilates) an electron with momentum k and spin s =↑, ↓. Heres defines spin with the opposite direction of s, and also we set the lattice parameter to 1. Moreover, σ 0 and σ i (i = x, y, z) represent the unitary and Pauli's matrices in the spin basis, respectively. The Hamiltonian includes a noninteracting and Hubbard parts, which the former consist of a kinetic term k = −µ − 2t(cos k x + cos k y ) and an antisymmetric SOC, and the latter denotes the on-site Hubbard interaction with strength U .
In quasi-two-dimensional systems, due to the dimensional confinement and symmetry reduction, the leading term for a SOC is linear in momentum [60, 61] . Therefore, the SOC g-vector is antisymmetric with respect to the momentum (g −k = −g k ) and characterised by
where the corresponding Rashba and Dresselhaus gvectors are defined by
Here, g denotes the magnitude of SOC and the normalized control parameters |α|, |β| ∈ [0, 1]; (α 2 + β 2 = 1), tune the magnitudes of Rashba and Dresselhaus.
The spin and orbital degrees of freedom are entangled together by antisymmetric SOC. Then, the two-fold spin degeneracy is lift and Fermi surface (FS) splits into two opposite-helicity (ξ = ±) sheets. The energy spectrum of each helical FS is given by
We show the evolution of Fermi surface at the particular levels of filling for the pure Rashba (Dresselhaus) and mixed SOCs in first and fourth columns of Fig. 1 , respectively. For the numerical calculations, we set g = 0.6t.
As it is seen, in the case of pure Rashba or pure Dresselhaus, the Fermi surface is isotropic structure entire the Brillouin zone (BZ) and it has a C 4v point group symmetry. However, the mixing of Rashba and Dresselhaus causes to reduction of symmetry group to C 2v with an anisotropic structure of Fermi surfaces. For cases with α = ±β, the helical bands touch each other at certain directions [11] and [11] . Fig. 2 (a) displays density of states (DOS) at Fermi surface (ω = 0) at different levels of filling n and relative strengths of Rashba and Dresselhaus. For the systems with dominant Rashba (Dresselhaus) , two van Hove singularities occur for both electron-and hole-doped cases near the half-filling. In the particular case with the same magnitudes of Rashba and Dresselhaus, the van Hove singularity only emerges at half-filling.
III. SPIN SUSCEPTIBILITY AND EFFECTIVE INTERACTION: RPA STUDY
In this section, we survey the effective interaction between electron using RPA approach. The pairing interaction can be extracted from the higher order diagrams of the Coulomb repulsion [12, 16, 62] . These terms can be expressed by spin susceptibility. The bare spin susceptibility in spin basis is expressed as
with the free particle Green's function in the spin basis is given by
Here iω n = 2niπT and iν m = (2m + 1)iπT are imaginary bosonic and fermionic Matsubara frequencies at temperature T , respectively. In the framework of RPA, the dressed spin susceptibility is obtained bŷ
Here 1 is a unitary 4 × 4 matrix andχ 0 (q, iω n ) is the matrix including the sixteen components of the bare spin susceptibility with the following form
in which, its individual components are defined based on the following Lindhard function
with
kq,ξξ
Consequently, the spatial components of RPA susceptibilities are expressed as
By setting U = 0.5t and performing the Matsubara frequency summation over iω n → ω + i0 + , in Fig. 1 , we present the longitudinal, χ RPA zz (q, ω = 0), and transverse, χ RPA xx (q, ω = 0), components of the RPA spin susceptibility for several levels of filling n . The second and third (fifth and sixth) columns represents the longitudinal, and transverse susceptibilities for the pure (mixed) SOCs, respectively. The anisotropy in longitudinal and transverse spin susceptibilities are resulted from the breaking of spin rotation symmetry made by antisymmetric SOCs. For pure Rashba (Dresselhaus) , both longitudinal and transverse susceptibilities show nearly incommensurate fluctuations at high levels of filling. However, near half-filling the susceptibility patterns exhibit roughly commensurate antiferromagnetic fluctuations. It should be noted that the symmetry in spin susceptibility of electron-and holedoped cases is presented because of the intrinsic electronhole symmetry of Eq. (1). Coexistence of Rashba and Dresselhaus generates an anisotropy in spin fluctuations with incommensurate antiferromagnetic vector besides the emergence of the sub-dominant transverse and longitudinal fluctuations. The critical on-site Hubbard interaction, U c , as a function of filling n and relative strengths of Rashba and Dresselhaus is shown Fig. 2(b) , for which both longitudinal and transverse spin susceptibilities simultaneously diverge.
Since we only consider the weak couplings, it is sufficient to take into account the static susceptibility (ω = 0) and its driven pairing interaction [13] . In the case with zero spin-orbit coupling (g = 0), the O(3) symmetry is satisfied and the physical parts of spin susceptibility are the same (χ [59] ). Under this basis, the interaction matrixÛ finds an off-diagonal shape aŝ
and the effective interaction within RPA is given bŷ
.
It should be mentioned that we merely consider the contribution of spin fluctuations in calculation of the pairing attraction. The effective interaction for opposite electron spins consist of an even number of bubbles and ladder diagrams. However, for electrons with same spins, the effective interaction is explained as a summation over an odd number of bubble diagrams [12] . Thus, the effective spin-fluctuation-mediated interactions Γ eff same (k, k ) and Γ eff opp (k, k ) for both same and opposite spins within RPA are written as
Note that Γ eff same and the first term in Γ eff opp are related to the bubble diagram contributions. However, the second part of Γ eff opp corresponds to the ladder diagrams.
Superconducting pairing analysis
From the BCS theory, the superconducting order parameter at temperature T is obtained by self-consistently solution of gap function equation 
Close to the critical temperature T c , one can consider E k,ξ ∼ |ε k,ξ | and linearize the self-consistent superconducting gap equation for both singlet and triplet channels
Here, v for all possible angular momenta l, i.e.,
where, λ ξξ i represents a 2 × 2-matrix, whose diagonal and off-diagonal elements represent the intra-and interband pairing amplitudes, respectively. The effective superconducting coupling constant λ 
Moreover, only the momentum-dependence of superconducting gap is taken into account, i.e.
The momentum dependence of the possible superconducting pairings, η i (k), at the lowest angular momenta are listed as following
Using the above recipe, Fig. 3 represents variation of the effective coupling parameter λ eff i regarding the level of filling n for a system with spatial inversion symmetry (g = 0) at U = 0.5t. For a wide range of filling, the d x 2 −y 2 -wave pairing dominates entire the singlet channel. However, in a small region far away from the half-filling, the singlet channel acquires d xy -wave symmetry. The presence of spatial inversion symmetry guarantees the negligible triplet pairing in this situation.
By the same token, Fig. 4 illustrates the phase diagrams extracted from the values effective coupling constant λ eff i for various superconducting gap symmetries as a function of filling n and relative amplitudes of antisymmetric SOCs, for different values of on-site Hubbard interaction. As shown in Fig. 4(a) for the singlet channel, and U = 0.2t, the d x 2 −y 2 -wave pairing dominates over the system. Interestingly, the increasing of Hubbard interaction leads to appearance of other spin-singlet pairings, especially for U = 0.5t [see Fig. 4(b) ]. For a wide region centered around half-filling, near the pure Rashba (Dresselhaus), s-wave pairing realizes. However, in the regions far from the pure Rashba (Dresselhaus), d x 2 −y 2 -wave pairing dominates again. Very far from half-filling, for many different values of Rashba and Dresselhaus, the even-parity d xy -wave pairing emerges. As they are shown in Figs. 4(c, and d) , for the cases with U = 0.8t and U = 1.0t, s-wave pairing is almost dominant in the singlet channel and only within very narrow regions, one can observe the other angular momenta. In addition, the dark blue region could be related to the unstable or higher order angular momentum pairings.
To complete this discussion, we have implemented our results for the triplet channel in the second row of Fig. 4 . For such a case, the p-wave pairing is always observed, unless for a small region at U = 0.8t, near the half filling with the same magnitudes of Rashba and Dresselhaus, where f -wave pairing is established. It should be noted that for all cases, since λ eff singlet λ eff triplet , then the singlet pairings are the leading pairing channels. This is why only the effect of spin fluctuations on formation of Cooper pairs are taken into account and the contributions of charge fluctuations and second neighbor hopping, which significantly strengthen the triplet pairing [13, 14] , are neglected. It shows an obvious symmetry between hole-and electron doping parts that is resulted from the particle-hole symmetry in the Hamiltonian of Eq. (1).
IV. EVEN-AND ODD-FREQUENCY SUPERCONDUCTING
Now we proceed to investigate the modification of Cooper pairing, resulting from the proximity with a ferromagnetic layer with magnetization vector M = (M x , M y , M z ) [see Fig. 5 ]. The interface is assumed to be spin-inactive, which forbids spin-flipping during the tunneling process. In a ferromagnet, the spins of individual atoms are coupled by the direct-or superexchangeinteractions. The resulting net magnetic moment oriented along the easy direction leads to an effective exchange field in the ordered phase.
The Hamiltonian characterizing the heterostructure made by the proximity of a ferromagnet and superconductor can be written as
Here, H
2D
NCS stands for the Hamiltonian of twodimensional noncentrosymmetric supercondcutor that is described by the Bogoliubov-de Gennes (BdG) Hamiltonian, which is given by
where
is the Nambu space creation field operator, and H BdG k is defined by
Here theĥ k term represents the noninteracting part of Eq. (1). Furthermore,
is the superconducting gap function in spin basis including spin-singlet ψ k and spin-triplet as
in which Φ † q = (a † q↑ , a † q↓ , a q↑ , a q↓ ) is the creation field operator of the ferromagnet with a † qσ (a qσ ) as the creation (annihilation) operator of a spin-polarized electron with momentum q = (q x , q y ) and spin σ.
In the above equation, the Hamiltonianĥ FM q is defined bŷ
where ε q = q 2 2me − µ F is the energy dispersion of a spinpolarized electron of mass m e with chemical potential µ F . Considering the possibility of electron tunneling between 2D-NCS and FM, the tunneling Hamiltonian is given by
in which
Here t is the tunneling amplitude between FM and 2D-NCS, and τ z represents the Pauli matrix in a basis consisting of the ferromagnet and superconductor.
Formalism of the Cooper pairing of 2D-noncentrosymmetric superconductor in proximity of a ferromagnet
In this section we aim to investigate the modification of Cooper pairs as the result of proximity of 2D-NCS and FM with an arbitrary magnetization M. The unperturbed Green's function of 2D-NCS can be written aš
whereĜ 0 NCS (k, iω n ) andF 0 NCS (k, iω n ) are unperturbed normal and anomalous Green's functions of 2D-NCS [38, 63] , which are defined bŷ Here
is the magnitude of the superconducting gap for FS with helicity ξ. The Green's function of FM is written aš
The total Green's function of the 2D-NCS can be read using the following Dyson equatioň
Here the self-energy termΣ(k, iω n ), carrying the effect of the magnetic proximity, is given by
It is worthwhile to be mentioned that momentum conservation forces the tunneling phenomena between NCS and FM to occur only for the electrons with the same momenta (k = q) [64] .
Within the weak coupling regime, the FM proximity minimally affects the electronic band structure of 2D-NCS. Thus, up to the second order perturbation, total Green's function of 2D-NCS is described by
Therefore, it is possible to rewrite the anomalous Green's function of the modified 2D-NCS aŝ
where the singlet and spatial components of triplet pairings are defined by
Based of Eq.( 33), the final forms of modified singlet and triplet superconductor in 2D-NCS are given by
This analytically indicates that all components of the modified anomalous Green's function can be expressed as a combination of both even-and odd-functions in terms of frequency, iω n . The functions I(k), I (k) in Eq.( 34) do not depend on frequency and are defined as
Whereas the frequency dependent functions
are given by
Finally, the functions K(k, iω n ), K (k, iω n ) in Eq. (34) are defined as follow 2D-NCS and FM, the even-and odd-frequency pairings blends together. One should note that in a 2D-NCS the condition d k ||g k should be satisfied to survive triplet pairs. Since the antisymmetric SOC g-vector has only x-and y-components, thus the triplet d-vector has only in-plane elements. amplifying the out-of-plane ferromagnetic fluctuations due to the proximity effect. The signature of Fermi surface is obviously detectable in both even and odd parts of the modified anomalous Green's function. We find that the angular momentum of initial singlet and triplet pairings do not have a meaningful impact on the nature of modified even-and odd-frequency superconductivity.
To see the spherical and magnetic orientation dependency of anomalous Green's functions, we sketch in the subplots of Fig. 7 , the impact of FM magnetization vector direction on the magnitude of evenand odd-frequency parts of the modified anomalous Green's function at an example point in the BZ and energy space with coordinates of k = (0.13, −2.15) and ω = 0.2t. It is obvious that coexistence of Rashba and Dresselhaus considerably alters the magnitudes of |F s (k, iω n )| and |F x,y,z t (k, iω n )|, for this point. Besides, for an in-plane magnetization vector in a system with pure Rashba (Dresselhaus), |F s (k, iω n )| has almost its maximum value, however, |F x,y t (k, iω n )| are in their minima. This figure clearly shows the existence of out-of-plane triplet pairing for non-zero magnetization and its variations in terms of direction of magnetization vector and alternation of antisymmetric SOCs. One can easily find that mixing of Rashba and Dresselhaus thoroughly shifts these results.
To complete our investigations, we display the variations of singlet and triplet channels of even-and oddfrequency parts of anomalous Green's function (absolute values) in Figs. (8, 9 , and 10), with respect to the magnitude of magnetization vector in the xy-xz-, and yzplanes, respectively.
In xy-plane (Fig. 8) , increasing the magnitude of magnetization vector leads to raise the even and odd parts of modified singlet anomalous Green's function at φ = π, for the pure SOC. However, this maximum slightly shifts from this optimum azimuthal angle in the case of mixing SOCs. Moreover, although the x-component of modified triplet anomalous Green's function shows its maxima at φ ∼ 0 or φ ∼ 2π in the case of pure SOC, the y-and z-components behave totally different; the maximum in y shifts a bit from the mentioned angles and the z-component shows two maxima at φ ∼ π/2 and φ ∼ 3π/2. In all cases, manipulating the relative strengths of Rashba and Dresselhaus considerably change the behaviors of |F s (k, iω n )| and |F x,y,z t (k, iω n )|. In xz-plane (see Fig. 9 ), the enhance of the magnetization amplitude may result in increase or decrease of the magnitude of |F s |, with respect to the value of polar angle θ. For polar angles near θ = 0 or θ = π, raising the magnetization enlarges |F s |, but, for θ ∼ π/2, the behavior is reversed. Finally, for all components of triplet pairings, the increment of magnetization vector amplifies the magnitude of modified anomalous Green's function. At the end we should mention that the results of xz-plane, comprehensively, hold for the singlet and triplet parts of anomalous Green's function in yz-plane (see Fig. 10 ).
V. CONCLUSION
We present a study of superconducting instabilities and gap structures in a 2D noncentrosymmetric square lattice with on-site Hubbard interactions. We examine the in-fluence of two important discrete symmetries, i.e. timereversal and inversion symmetries, on the parity and frequency characteristics of Cooper pairs. We analyze the consequences of Rashba and Dresselhaus SOCs coincidence on the pairing symmetry at different levels of holeand electron-doping within a spin-fluctuation-mediated scenario. Using RPA approach, we observe pure d-wave pairing at the presence of inversion symmetry, which is consistent with earlier studies [12, 16] . In the absence of inversion symmetry, we find a dominant d x 2 −y 2 + p-wave pairing at low levels of interaction. An enhancement in the strength of Hubbard term dominates s + p-wave pairing over a wide region of filling and relative amplitudes of Rashba and Dresselhaus. However, the phase diagrams of superconducting pairings (Fig. 4) reveal the emergence of other symmetries such as d xy +p-wave, s * +p-wave, and s + f -wave pairings in narrow regions of phase diagrams. Particularly, in the vicinity of half-filling at U = 0.8t, close to van-Hove singularity, for the nearly same magnitudes of Rashba and Dresselhaus, the leading triplet pairing solution has f -wave symmetry, which has been originated from ferromagnetic fluctuations. Moreover, we investigate the realization of odd-and even-frequency superconductivity at a ferromagnet proximity in a 2D NCS. Using the structure of anomalous Green's function up to the second order perturbation theory, we show the admixture of both odd-and even-frequency components, resulted from the broken time-reversal symmetry. We approach to a general expression for the pairing amplitudes of the anomalous Green's function of a heterostructure including a 2D-NCS and a FM with an arbitrary magnetization. Finally, we show that our theory of cooperative Rashba and Dresselhaus is capable to manipulate the pairing symmetry of Cooper pairs for both parity and frequency point of views.
